The main purpose of the present paper is to prove the weak factorization theorem for any complete birationally equivalent varieties over an algebraically closed field of characteristic zero.
(but see also [Mor2] and Abramovich, Matsuki, Rashid [AMR] for a complete revised version).
Shortly after this proof was completed, another proof of the weak factorization conjecture was found by Abramovich, Karu, Matsuki and the author [AKMW] , using ideas of [Wlo2] combined with [AJ] .
The methods used in this paper base on the theory of birational cobordisms allowing a good control on birational equivalences and reducing them to consideration of well described quotients of toroidal varieties by K * -group action(see [Wlo2] ). On the other hand the main body of this paper is devoted to developing the ideas of [KKMSD] of giving a combinatorial meaning of a wide class of birational morphisms. We extend the combinatorial description of allowable modifications of toroidal embeddings introduced in [KKMSD] to the more general class of G-stratified toroidal varieties.
Using the combinatorial language we apply the π-desingularization algorithm to birational cobordisms, which finally gives the proof of the weak factorization theorem.
The paper is organized as follows. In Part I we develop a combinatorial language describing birational modifications of toroidal varieties. In Part II we apply the methods and language to birational cobordisms and reduce the proof to a purely combinatorial π-desingularization lemma.
Part I 1 Proalgebraic groups
All schemes and varieties in the present paper are considered over an algebraically closed field K of characteristic zero. Definition 1.1 By an inverse (respectively direct) system of algebraic schemes we mean a collection of schemes X i indexed by a directed ordered set I such that for any i, j ∈ I, i < j there exists a morphism φ ij : X i → X j (resp. φ ij : X j → X i ) and for any i, j, k ∈ I such that i < j < k we have φ jk φ ij = φ ik (respectively φ ij φ jk = φ ik ). We say that inverse (respectively direct) systems X i and Y j are equivalent iff for any i there exists j = j(i) and a morphism α ji : X j → Y i and for any j there exists i = i(j) and a morphism β ji : Y j → X i such that β jk • α ij = φ ik .
In this paper we shall only consider inverse and direct systems of affine schemes. It follows directly from the definition that each inverse (respectively direct) system of affine schemes X i up to equivalence defines a unique up to isomorphism affine scheme X := Spec(lim ← K[X i ]) (resp. X := Spec(lim → K[X i ])). Then we shall write X = lim → X i ( respectively X = lim ← X i ). Definition 1.2 If all K[X i ] are finitely generated we shall call X a ind-finite (respectively pro-finite) scheme. A morphism φ : X → Y of ind-finite (respective pro-finite) schemes is said to be ind-finite (resp. pro-finite) if there exist direct (resp. inverse ) systems of algebraic varieties X i ,Y i defining X and Y and commutative diagrams
Definition 1.3 We say that G is an affine proalgebraic group (simply a progroup) iff there exists an inverse system (G i ) i∈I of affine algebraic groups and algebraic group homomorphisms φ ij : G i → G j such that G = lim ← G i .
Remark The set G c of closed points of G is an abstract group which is the inverse limit G c = lim ← G c i in the category of abstract groups.
Each progroup defines the following commutative diagrams:
Definition 1. 4 We say that G acts algebraically on a scheme S iff the action is given by a suitable morphism
. We say that G acts indalgebraically on an ind-finite scheme S iff there exists a direct system (S i ) i∈I such that S = lim → S i and G acts algebraically on S i , so that the following diagrams commute:
for any j > i.
Remark If G acts ind-algebraically on S we have the following commutative diagrams:
Note that G c is a group of automorphisms of S.
Lemma 1.1 Let S be an ind-finite affine scheme acted on ind-algebraically by an proalgebraic group G and I ⊂ K[S] be an ideal. Then the following conditions are equivalent:
• I is G c -invariant, • ψ * (I) = p * (I) where ψ : G ×S → S is the morphism defined by the action and p : G ×S → S is the morphism defined by the projections G × S i → S i on the second coordinate.
Proof. First note that the lemma holds for algebraic actions K[S i ] → K[G]⊗K[S i ], which means that
. But these ideals determine the ideals ψ * (I) = p * (I). 2 Definition 1.5 Let G be a proalgebraic group acting on an ind-finite X and let Y be an ind-finite scheme. We say that two ind-finite morphisms f 1 , f 2 : X → Y are G-equivalent iff there exists a morphism of schemes g : Y → G such that the morphisms of ind-finite schemes ψ • (f 1 × g) : Y → X ×G → X and f 2 : Y → X are equal.
Example 1.1. Let X be an algebraic variety with a stratification S and x ∈ X be a closed point. For n = 0, 1, ..., define (X (n) , x) := Spec(O x,X /m n x,X ) and let (X (n) , x | S)
be the above defined scheme together with all subschemes Spec(O x,X /(I s + m n+2 x,X )), for all s ∈ S, where s stands for the closure of s. We denote by
the automorphism group of (X (n) , x) preserving all subschemes Spec(O x,X /(I s + m n+2 x,X )), for all s ∈ S. This group is antiisomorphic to the group of all the automorphisms of the K-algebra O x,X /m n+2 x,X preserving all ideals I s + m n+2 x,X /m n+2 x,X . In particular Aut(X (0) , S, x) ⊂ gl(Tan x,X ) is a linear group, where Tan x,X is the tangent space, and Aut(X (n) , S, x) are algebraic groups for any n = 0, 1, .... Moreover we have a natural algebraic group action
The restriction of this map defines for any m ≥ n an algebraic group action
For any m > n consider the natural restrictions ψ n,m : Aut(X (m) , x | S) → Aut(X (n) , x | S). These maps define an inverse system. Let
denote the formal scheme of X at x. Denote by ( X, x | S) the formal scheme, together with the collection of all the closures s of strata s ∈ S such that x ∈ s. Then
is an proalgebraic group which is the automorphism group of ( X, x) preserving all s ∋ x, where s ∈ S. We have a natural algebraic action of Aut( X, x | S) on each (X (n) , x) and finally an ind-algebraic action on ( X, x). The differential mapping:
is an algebraic subgroup of gl(Tan x,X ).
For any proalgebraic group G ⊂ Aut( X, x | S) write
Semifans
In this paper by a cone we mean a pair (σ, N)(we shall sometimes write σ), where N ≃ Z k is a lattice, and σ is a cone in the vector space N Q := N ⊗ Q ⊃ N. By a finitely generated cone we mean a convex cone σ = Q ≥0 · v 1 + ... + Q ≥0 · v k generated by finitely many integral vectors v 1 , ..., v k ∈ N. If v 1 , ..., v k is a minimal set of vectors generating σ in the above sense such that Q ≥0 e i ∩ N = Z ≥0 e i , then we write
If σ contains no line we call it strictly convex. All cones considered in this paper are strictly convex. For any σ denote by lin(σ) the linear span of σ. For any cones (σ 1 , N) and (σ 2 , N) we write
A cone (σ, N) is simplicial iff σ = e 1 , ..., e k is generated by linearly independent vectors. We call σ indecomposable if it cannot be represented as σ = σ ′ ⊕ e for some vector e ∈ N. Then each (σ, N) is uniquely represented as σ = sing(σ) ⊕ e 1 , ..., e k , where e 1 , ..., e k is a regular cone and sing(σ) is a maximal indecomposable face of σ.
If τ is a face of σ we write τ ≺ σ.
By relint(σ) we mean its relative interior. For any simplicial cone σ = e 1 , ..., e k set
For any simplicial cone (σ, N) where σ = e 1 , ..., e k , by det(σ) we mean det(e 1 , ..., e k ) where all vectors are considered in some basis of N ∩ lin(e 1 , ..., e k ) (A change of basis can only change the sign of the determinant).
A minimal generator of a cone σ is a vector which cannot be represented as the sum of two nonzero integral vectors in σ. A minimal internal vector of a cone σ is a vector in relint(σ) which cannot be represented as the sum of two nonzero integral vectors in σ, such that at least one of them belongs to relint(σ).
Lemma 2.1 For any simplicial σ each vector from par(σ) can be represented as a nonnegative integral combination of minimal generators.
2 Definition 2.1 (see [Dan] , [Oda] ). By a fan Σ in N Q we mean a finite collection of finitely generated strictly convex cones (σ, N) such that
• any face of a cone in Σ belongs to Σ, • intersection of any two cones is their common face.
With a fan Σ there is associated a toric variety X Σ ⊃ T acted on by a torus T (see [Dan] , [Oda] ). To each cone σ ∈ Σ corresponds an open equivariant subset X σ and a unique closed orbit O σ .
Definition 2.2 By a stratified toric variety we mean a toric variety X Σ ⊃ T , associated with some fan Σ in N Q = N ⊗ Q together with a smooth T -invariant stratification S such that for any stratum s ∈ S whose generic point corresponds to σ s ∈ Σ the set σ s := {τ | O τ ⊂ s} satisfies
• for each τ ∈ σ s , τ = σ s ⊕ e 1 , ..., e k , where e 1 , ..., e k is a regular cone,
Example 2.1 Let SO Σ := {O σ | σ ∈ Σ} be the orbit stratification on a toric variety X Σ . Then (X Σ , SO Σ ) is a stratified toric variety. 
Q is a common face. A prefan (resp. absolute prefan) is a semifan (resp. absolute semifan) satisfying (k) for any σ ≺ σ s there exists s ′ < s such that i ss ′ (σ s ′ ) = σ. e say that Σ is a prefan.
If s < s
′ we shall also write σ s < σ s ′ . Definition 2.4 By the support |Σ| of a semifan Σ we mean the topological space obtained by glueing σ s along i s,s ′′ .
From now on we shall allways identify vectors of σ s with their images under i s ′ s if s < s ′ and simplify the notation replacing i s ′ s with set theoretic inclusions. Note that cones in a semifan intersect along a union of common faces.
Example 2.2 Let Σ be any fan in the vector space N Q . Then {σ ∈ Σ | σ = sing(σ)} is a semifan in N Q .
Example 2.2 As we see in Lemma 2.2 for any stratified toric variety (X, S), the collection
Let Σ be a prefan and τ ∈ Σ be its face. We shall use the following notation:
Definition 2.5 If ρ is a ray passing in the relative interior of τ . Then the star subdivision ρ · Σ of Σ with respect to ρ is defined to be
If Σ is regular, i.e. all its faces are regular, τ = v 1 , ..., v l and ρ = v 1 + ... + v l then we call the star subdivision ρ · Σ regular.
Remark. We associate with any semifan Σ the prefan
Lemma 2.2 (i) For any stratified toric variety (X, S) the collection {σ s | s ∈ S} is a semifan.
(ii) Let Σ = {(σ s , N s ) | s ∈ S} be a semifan in N Q and Σ be the associated fan. For any s ∈ S let σ s := Star(σ s , Σ) \ s ′ >s Star(σ s ′ , Σ) be an invariant subset of the toric variety X Σ . Then (X Σ , O σs ) is a stratified toric variety whose minimal strata are orbits.
(iii) The stratified toric varieties (X, S) containing a given n-dimensional torus, whose minimal strata are orbits, are in 1-1 correspondence with semifans in the n-dimensional vector space N Q ⊃ N. (ii)Note that all sets O σs are disjoint and their union gives the whole variety X Σ . Indeed suppose σ ∈ σ s ∩ σ s ′ . Then by the condition (f) of the definition we see that there exists σ s ′′ ∈ Σ such that σ s ≺ σ s ′′ and σ s ′′ ≺ σ, which means that σ ∈ σ s .
Let s ∈ S be maximal. Then σ s = Star(σ s , Σ) is closed and smooth since all faces from Star(σ s , Σ) are of the form σ ′ = σ ⊕ e 1 , ..., e k , where e 1 , ..., e k is regular. Removing then step by step all stars Star(σ s , Σ) for the maximal s ∈ S we see that all strata are locally closed.
It is sufficient to note that the closure of each stratum O σs is a union of strata. This follows from the fact that this closure corresponds to Star(σ s ) which is clearly the union of the σ s ′ for all s ′ > s. (iii) Easily follows from (i) and (ii).
2
The colour of the painted semifan is the topological space |∆| := s∈S ∆ s .
Remark. All faces of a painted semifan are determined by the associated prefan and the colour (see conditions (a) and (c)). In the sequel we shall call the faces of the associated prefan painted iff their relative interiors intersect the colour.
such that for any t ∈ T there exists a unique s(t) ∈ S such that N s(t) = N t and σ t ⊂ σ s(t) and for any s ∈ S the set
is a decomposition of the prefan Σ and for any t ∈ T the cone σ s(t) ∈ Σ and ∆ t = ∆ s(t) ∩ σ t .
Definition 2.10 Let Σ be a painted semifan. Let ρ be a ray contained in |∆|. The star subdivision ρ · Σ is the painted semifan determined by the prefan ρ · Σ and the colour |∆|.
Stratified toroidal varieties
Definition 3.1 (see also [Dan] ). A variety X is called toroidal iff for any x ∈ X there exists an open affine neighbourhood U x and anétale map φ : U x → X σx into some affine toric variety X σx .
Lemma 3.1 If x is a closed point on a toroidal variety X then sing x := sing(σ x ) is determined uniquely up to isomorphism.
Proof. Let N denote the lattice associated with the cone σ x . Find e 1 , ..., e k ∈ N such that e 1 , ..., e k is regular and σ := σ x ⊕ e 1 , ..., e k is a cone of maximal dimension in
. By a theorem of Demushkin σ and thus sing(σ) = σ x = sing x are determined uniquely up to isomorphism (see [Dem] ). 2 Example 3.2Let X Σ be a toric variety and Sing(X) be the stratification determined by the singularity type sing. Then (X Σ , Sing(X Σ )) is a stratified toric variety corresponding to the semifan Sing(Σ) from Example 2.2. Definition 3.2 Let S and T be stratifications on X and Y respectively. By a morphism of stratified varieties φ : (X, S) → (Y, T ) we mean a morphism φ : X → Y such that for any stratum t ∈ T the preimage φ −1 (t) is a union of strata of S and for any s ∈ S there exists t ∈ T such that φ(s) ⊂ t ⊂ φ(s). (Here φ(s) stands for the closure of φ(s).
By abuse of notation we write φ(s) for the stratum determined by φ(s). If (X, S) is a stratified toroidal variety and U ⊂ X is an open subset then (U, S ∩ U) will denote the variety U with the restricted stratification.
Definition 3.3 By a stratified toroidal variety we mean a toroidal variety X together with a smooth stratification S such that for any stratum s ∈ S and any point p ∈ s there exists an open neighbourhood U p of p and anétale map of stratified varieties
Lemma 3.2 σ s is determined uniquely up to isomorphism.
Proof. We repeat the reasoning from Lemma 2.2 and find
of maximal dimension, where e 1 , ..., e k is a regular cone. Then by a theorem of Demushkin σ is uniquely determined , and consequently σ s is a dim(s)-codimensional face which is uniquely determined by (1).
A simple generalization of Example 2.2 is
Example 3.2. Let X be any toroidal variety and Sing be the stratification determined by the singularity-type sing(x). Then (X, Sing) is a stratified toroidal variety.
Definition 3.4 (see also [KKMSD] ). A toroidal embedding is a stratified toroidal variety such that for any stratum s ∈ S and any point p ∈ s there exists an open neighbourhood U p of p and anétale map of stratified varieties
Definition. 3.5 Let (X, S) be stratified toroidal variety. By an associated semifan we mean an absolute semifan Σ S := (σ s , N s ) s∈S indexed by the stratification S ordered by s < s ′ iff s ′ ∈ s such that for any x ∈ s there exists an open neighbourhood U ∋ x and a smooth morphism
of stratified varieties where S Σ |σs is the stratification determined by the semifan Σ |σs and such that s ∩ U s,a = φ
Lemma 3.3. For any stratified toroidal variety (X, S) there exists a unique (up to isomorphism) associated semifan Σ S . Moreover (X, S) is a toroidal embedding iff Σ S is a prefan.
Remark. Absolute refans are equivalent to conical complexes defined in [KKMSD] (see also [AK] ) and both combinatorial objects describe toroidal embeddings. Note however that conical complexes (as well as prefans) are not complexes in the usual topological sense, since the intersection of cones is a union of faces, not a single face.
Proof of Lemma 3.3 First we prove that each stratum s defines uniquely the restriction of Σ S to σ s . Set
where k = dim(s). The semifan Σ S|σs defines a stratified toroidal variety (X σ , S σ ). Let x ∈ s. We can find a morphism ψ :
is an isomorphism. We have to show that each such isomorphism termines uniquely up to isomorpism the cone σ and the semifan Σ S|σs . This can be proved exactly in the same way as the Demushkin theorem [Dem] . We roughly sketch this proof, modifying some arguments.
Each isomorphism φ × ψ defines a torus action on ( X, x | S) and consequently determines a torus in the proalgebraic group Aut( X, x | S). This torus is maximal in the progroup (see Step 4 in [Dem] ) and moreover the image d(T ) (considered in Section 1) is maximal in the linear algebraic group d(Aut( X, x | S)) ⊂ gl(Tan x,X ) (Step 9 in [Dem] ). Let T , T ′ be tori associated with two isomorphisms φ × ψ and
In particular we can find a torus T ′′ , conjugate with T ′ and such that d(T ) = d(T ′′ ). For any maximal torus T there is a natural T -equivariant map φ T : ( X, x | S) → Tan X,x into the tangent space defined by the local semi-invariant functions. The action of T on the tangent space is given by the isomorphism
) since both images are toric varieties defined by the same torus action, the same characters and the same relations. Now for given tori T,
Finally we have proved that for any two isomorphisms φ × ψ :
we can find a conjugating automorphism θ of ( X, x | S) for the relevant tori T and T ′ . The latter determines the equivariant isomorphism (φ×ψ)
and consequently an isomorphism of the associated cones which preserves all faces determined by the stratification. Finally the restriction of Σ S to σ s is determined uniquely up to isomorphism. Now one can construct Σ S by glueing together all Σ S|σs along subfans Σ S|σ s ′ where s > s ′ . The second part follows easily from the fact that locally toroidal embeddings correspond to fans consisting of all faces of some cone.
2 Definition 3.6 Let (X, S) be a stratified toroidal variety, and let Σ S be its associated semifan. We call (X, S, U) a G-stratified variety iff there are • a collection of tangent connected proalgebraic groups G s such that T s ⊂ Aut( X σs , O σs | S σs ), where T s is a maximal torus in X σs and S σs := S Σ |σs is the stratification determined by the semifan Σ |σs ,
• an open covering {U s,a | s ∈ S, a ∈ A s } of X together with smooth morphisms
iii) for any s ≤ s ′ and a ∈ A s and a ′ ∈ A s ′ the induced smooth morphisms of local stratified schemes φ s,a : ( X, s | S) → ( X σs , O σs | S σs ) and
• an open covering {V t,b | t ∈ T, b ∈ B t } of Y and smooth morphisms φ t,b :
iii) for any t, b and s = s(t)) there exists a ∈ A s and a commutative diagram
4 Stable valuations and associated painted semifans
where a ∈ Z, be the associated sheaves of ideals. Let f : X → Y be a morphism such that f −1 (I ν,a ) determine a valuation of K(X). Then we denote this valuation by f * (ν). By the support supp(ν, X) (or simply supp(ν)) of the valuation ν on the variety X we mean the support of any sheaf of ideals I ν,a .
Definition 4.1 Let R be a local ring and u 1 , ..., u k be generators of its maximal ideal. We call a valuation monomial with basis u 1 , ..., u k iff there is a sequence of nonnegative integers a 1 , ..., a k such that for any f ∈ R,
Lemma 4.1 Let ν be any valuation of a local ring R, and u 1 , ..., u k be generators of the maximal ideal of R. Let ν 0 be a monomial valuation with basis u 1 , ...,
Proof. Let m ⊂ R be the maximal ideal. For any n ∈ N,
Definition 4.2 By a locally monomial valuation on an algebraic variety X we mean a valuation ν of K(X) such that for any closed point x ∈ X there exist local parameters u 1 , ..., u k ∈ O x,X and integers a 1 , ..., a k such that ν |O x,X is a monomial valuation with basis u 1 , ..., u k and weights a 1 , ..., a k . By a blow-up bl ν (X) of X at a locally momomial valuation ν we mean
. where I ν,s is a sheaf if ideals define locally by I ν,s .
Note that
for any l ∈ N. Denote by bl J (X) → X the blow-up of any coherent sheaf of ideals J Proposition 4.1 For any locally monomial valuation ν there exists integer d such that
• ν is a valuation of irreducible Q-Cartier divisor on bl ν (X).
Proof ν defines locally on some open affine subset U ⊂ X a monomial valuation with a basis u 1 , ..., u k and weights a 1 , ..., a k . Let a := max{a 1 , ..., a k }. It is sufficient to prove the lemma 
Definition 4.4 Let (X, S, U) be a G-stratified toroidal variety and (Y, T, V) be G-stratified over X. A valuation ν is G-stable or simply stable on Y if
• supp(ν) = t for some stratum t ∈ T ,
• there exists a vector v ∈ σ t such that the corresponding valuation val(v) on
• we have the equality of the valuations
where i : ( X, s) → X is determined by the natural embedding and φ t,b is determined by U.
We shall call a vector v ∈ |Σ S | stable iff it corresponds to some stable valuation.
Lemma 4.4 Consider a diagram from Definition 3.6
Proof. Consider a commutative diagram
φs,a −→ X σs where i and i t are induced by embeddings and f and f t,a are birational or equivalently Lemma 4.5 Given a G-stratified variety (Y, T, V) over (X, S, U), fix t ∈ T and v ∈ relint(σ t ). Then any G s(t) -invariant valuation val(v) on ( X σt , O σt ) defines a stable valuation on X.
Proof. First we prove the lemma for any G-stratified variety X and a stratum s ∈ S. Remark It follows from the above that each stable valuation is locally monomial.
Lemma 4.6 If σ s = e 1 , ..., e k is a regular cone, then e := e 1 + ... + e k is stable.
Proof. This simply follows from the fact that the above vector corresponds to the valuation of the stratum s (s is a smooth subvariety in a smooth neighbourhood and therefore it defines a valuation). 2
Lemma 4.7 Let v ∈ relint(σ s ) be a minimal internal vector of σ s , and ψ ∈ Aut( X σs , O σs | S σs ). Then there exists a minimal internal vector
Proof. Note that val(v) and ψ * (val(v)) are valuations which are positive for any functions in the maximal ideal. ψ * (val(v)) defines then a linear function on the cone σ ∨ s of regular characters and thus a vector v ′ ∈ relint(σ s ). By Lemma 4.1
, where v ′′ ∈ relint(σ s ) corresponds to the linear function determined by
is minimal. Then by the above there exists w
Lemma 4.8 (a) Let v ∈ relint(σ t ) be a minimal internal vector. Then v is stable. (b) Any minimal generator is stable.
Proof. (a) Let σ t ⊂ σ s for s = s(t). By the above lemma for any φ ∈ G c s ,
The ideals I val(w),a := {f ∈ O x,X | val(v)(f ) ≥ a} are generated by monomials. They have the same Hilbert polynomials which means that that set W is finite.
On the other hand since the ideals I val(w),a are generated by monomials they can be distinguished by the ideals gr (I val(v) ,a ) in the graded ring gr( O s,a,x ) = O s,a,x /m x,X ⊕ m x,X /m 2 x,X ⊕ ... where m x,X ⊂ O s,a,x is the maximal ideal of the point x.. Then the connected group d(G s ) acts algebraically on the set of graded ideals with fixed Hilbert polynomial. In particular it acts trivially on the finite subset gr(I val(w),a ), and consequently G s preserves all I val(v),a .
(b) follows directly from the fact that each minimal genearotor is a minimal internal point of some idencomposable cone 2 Lemma 4.9 et (Y, T, V) be a G-stratified toroidal variety over X which is a toroidal embedding. Then all integral vectors in |Σ T | are stable.
Proof. Let v ∈ relint(σ t ). Each automorphism preserving stratification multiplies the monomials by invertible functions and does not change the valuation val(v) on
Definition 4.5 Let (X, S, U) be a G-stratified toroidal variety and (Y, T, V) be Gstratified over X.Let Σ T be the associated decomposition of the semifan Σ S . A toroidal modification of (Y, T, V) is a birational morphism φ : Z → Y together with a decomposition Σ of the prefan Σ T such that • for any V t,b there exists a commutative diagram
Here Σ(σ t ) is the restriction of Σ to σ t , that is, all cones from Σ which are contained in σ t
Example. Let v i ∈ σ s i for i = 1, ..., k be stable vectors and ν i be the associated stable valuations. Then the composite of blow-ups bl ν 1 • ... • bl ν k : Y → X is a toroidal morphism. This can be shown by induction on k. For k = 1 it follows directly from the definition of modification and from the fact that such a blow-up is a toric map defining an appropriate star subdivision v 1 · Σ at the corresponding vector v 1 . If bl ν 1 • ... • bl ν k : Y → X is a toroidal modification then by the same reasoning as in Lemma 4.4 we see that ν k+1 is a valuation on Y corresponding to some vector v k+1 . Then bl ν 1 • ... • bl ν k • bl ν k+1 is a toroidal modification corresponding to the subdivision v k+1 · ...v 1 · Σ.
Lemma 4.10 (a) Let G ⊂ Aut( X σ , O σ ) be any abstract algebraic group. Let I G denote the set of G-invariant toric valuations. Then the cone
(b) Let (X, S, U) be a G-stratified toroidal variety with a semifan Σ S . Let s ∈ S. Then the cone
(c) All vectors from stab s ∩ N are stable
Proof.
(a). Let v 1 , v 2 ∈ I G . Consider a toric morphism
The D 1 and D 2 intersect along a stratum O τ corresponding to the cone τ : 
The exceptional divisors D 1 , D 2 of bl ν 1 • bl ν 2 correspond to the valuations ν 1 and ν 2 and the associated vectors v 1 and v 2 . The D 1 and D 2 intersect along a stratum s corresponding to the cone τ := v 1 , v 2 ⊆ v 1 · ( v 2 · (σ s )). This defines locally a toroidal embedding φ s,a|Us : U s := φ −1 s,a (X τ,Ns ) → X τ,Ns . By Lemma 4.9 each vector v ∈ τ is stable.
As a corollary from Lemmas 2.1, 4.8 and 4.10 we get Lemma 4.11 For any simplicial cone σ t = e 1 , ..., e k we have that (a) all vectors in par(σ t ) are stable.
(b) all vectors in par(σ t ) ∩ relint(σ t ) are stable.
Proof. Lemma 4.12. Let (Y, T, V) be a G-stratified toroidal variety over a G-stratified (X, S, U). Then the semifan Σ S,U = {σ s , stab s | s ∈ S} is painted and Σ T,U = {σ t , stab t | t ∈ T } is a decomposition of the painted semifan Σ S,U .
Proof. Follows directly from lemmas 4.4, 4.6, 4.8, 4.9. 2 Definition 4.6 We call Σ T,V the associated painted semifan. 
Proof. Note that all faces of Σ T,V which are divided are necessarily painted. We construct the stratification on Y ′ by induction on dimensions of strata. Take first all stable valuations ν i , where i ∈ I whose supports on Y ′ have minimal dimensions. These supports define strata which are obviously closed. We prove that these strata are smooth and moreover sing() is constant on each stratum. Note that the vectors corresponding to the relevant valuations belong to the interiors of painted faces of maximal dimension in Σ. Let ν 0 be a stable valuation such that supp(ν 0 , Y ′ ) has a minimal dimension, v 0 ∈ |Σ| be a vector corresponding to ν 0 , and v 0 ∈ relint(σ v 0 ), where σ v 0 ∈ Σ. Let t ∈ T and t ⊂ supp(ν 0 , Y ). Let j : X Σ |σ t → X σt denote the relevant toric morphism. It suffices to prove that sing() is constant on the stratum α 0 := supp(val(v 0 )). is smooth on X Σ |σ t . Suppose the contrary and let x 0 ∈ α 0 be a point such that dim{x ∈ α 0 | sing(x) = sing(x 0 )} < dim(α 0 ). . We can assume that j(x 0 ) ∈ t changing t if necessary. The scheme
The images of the group action of sing 0 form a finite invariant subset of strata Sing 0 ⊂ Sing( X Σ |σ t ) . All strata from Sing 0 correspond to some isomorphic cones σ i for i = 0, ..., l.
Let w 0 ∈ relint(σ 0 ) be a minimal internal vector. Then for any φ ∈ G c t the image φ * (val(w 0 )) is a valuation on X Σ |σ t corresponding to a minimal internal vector of σ i (see Lemma 4.7: φ determines the isomorphism (
In particular φ * (val(v i )) could be one of the finitely many toric valuations on X Σ |σ t and on X σt and consequently on X σ s(t) . Then we see as in the proof of Lemma 4.8 that val(v) and sing 0 are G c s(t) -invariant. By definition sing 0 ∩ α 0 = {0} which means that there is a cone in Σ whose faces are σ 0 and σ v 0 . We see then that the vector v 1 = w 0 + v 0 is stable by Lemma 4.10 and it belongs to the relative interior of a cone of greater dimension, which contradicts the dimension assumption.
Finally sing() is constant on supp(val(v 0 )) ⊂ X Σ |σ t and consequently sing() is constant on t
In particular supp(ν 0 ) is smooth and moreover for any σ ∈ Star(σ t ′ , Σ) all cones are of the form σ = σ t ′ ⊕ e 1 , ..., e k , where e 1 , ..., e k is regular.
The inductive step can be done by removing all strata t
, where i ∈ I}, from Y ′ and all stars all stars Star(σ t ′ i , Σ) from Σ:. Then we can apply the same construction again for
, Σ) -we remove all supports of valuations of minimal dimensions and all the corresponding stars. The fact that finally we get a stratification T ′ on Y ′ can be proved locally exactly as Lemma 2.1. The associated painted semifans consists of the faces σ t ′ ∈ Σ. The stable valuation on Y ′ are determined by the stable valuation on Y . The charts on (Y ′ , T ′ ) are constructed from the V t,b × Xσ t X Σ |σ t → X Σ |σ t by obvious restrictions and embeddings.
Part II 5 G-stratified cobordisms
We recall the definition of a birational cobordism.
If a reductive group G acts on a variety X then by X/K * and X//K * we mean respectively geometric or qood quotients Let X be a variety with an action of K * . Let F ⊂ X be a set of fixed points. Then we define
Definition 5.1 [Wlo2] : Let X 1 and X 2 be two birationally equivalent normal varieties. By a birational cobordism or simply a cobordism B := B(X 1 , X 2 ) between them we understand a normal variety B with an algebraic action of K * such that the sets B − := {x ∈ B | lim t→0 tx does not exist} and B + := {x ∈ B | lim t→∞ tx does not exist} are nonempty and open and there exist geometric quotients B − /K * and B + /K * such that B + /K * ≃ X 1 and B − /K * ≃ X 2 and the birational equivalence X 1 − → X 2 is given by the above isomorphisms and the open embeddings
Definition 5.2. We call a cobordism B smooth iff B is a smooth variety. We call a cobordism B regular iff for any x in B which is not a fixed point of the K * -action in B there exists an affine invariant neighbourhood U without fixed points such that U/K * is smooth.
Definition 5.3. We call a cobordism B toroidal iff for any x ∈ B there exists an open invariant neighbourhood U and a K * -equivariantétale morphism U → X σ with the commutative diagram
where all horizontal arrows areétale.
Our purpose is to construct regular toroidal cobordism between smooth projective varieties, which (as we see in section 7) implies the weak factorization. Since by [Wlo2] we can find a smooth cobordism between projective varieties B(X, Y ) it is sufficient to modify this cobordism to regular one
To this end we find a K * -invariant stratification with a collection of K * -equivariant charts on B(X, Y ), such that B(X, Y is a G-stratified toroidal variety with an extra structure determined by K * -action, (Gstratified cobordism) . Then we associate with G-stratified cobordism the painted semifan with some additional properties (painted π-semifan). Then the modification process is described in terms of stars subdivisions with stable centers of that painted π-semifan and is completely analogous to the π-desingularization for toric varieties. Thus the relevant π-desingularization of G-stratified cobordism is achieved by sequence of blow-ups at stable valuations.
Definition 5.4. A G-stratified cobordism is a G-stratified toroidal variety (B, S ∪ T, U), where B is a toroidal cobordism, T is a collection of strata of fixed points, S is a collection of fixed point-free strata and all open subsets of U are K * -invariant. and such that (a) For any t ∈ T and a ∈ A t , K * acts on X σt as a 1-parameter subgroup of the big torus, the morphism U t,a → X σt is K * -equivariant and the following diagram commutes
where the horizontal arrows are smooth.
, and the natural projection (
(c) For any s ∈ S a finite abelian group Γ s contained in a big torus in X σs acts on X σs , the morphism φ s,a : U s,a → X σs is Γ s -equivariant and the following diagram commutes. 
(e). For any s ∈ S there exists t ∈ T such that t = {lim t→0 tx | x ∈ s} or t = {lim t→∞ tx | x ∈ s} Definition 5.5. A painted π-semifan is a painted semifan
with painted faces is a painted semifan and such that (σ
with painted faces is a painted semifan.
• for any s ∈ S there exists t ∈ T such that s < t Lemma 5.1 Each G-stratified cobordism (B, S ∪T, U) defines the associated painted π-semifan Σ(B) := {(σ s , stab s ) | s ∈ S}∪{(σ t , stab t ) | t ∈ T } with vectors v t defined by the K * -action, projections π t defined by the quotients
Lemma 5.2 Let B = B(X, X ′ ) be smooth projective cobordism between smooth projective birationally equivalent varieties. Then there exists an equivariant stratification on B and a covering U together with relevant algebraic progroups G s such that B is a G-stratified cobordism.
Proof.Set
T := {t ⊂ B | t is an irreducible fixed point component}.
Let s ⊂ B be a maximal smooth K * -equivariant subvariety such that for any x ∈ s there exists an affine K * -equivariant subset U ⊂ B without fixed points and a stratum sing ∈ Sing(U/K * ) where π : U → U/K * is a geometric quotient and such that s ∩ U = π −1 (U/K * ). Let S be the collection of all strata s of that type. Then T ∪ S is an invariant stratification of B.
We construct an open covering U on (X, S) as follows. For any x ∈ t let U x be an invariant affine neighbourhood of the point x and φ t,x : U x → Tan x be an equivariantétale morphism such that the induced map φ /K * :
(see [Lu] , Lemme 3 (Lemme Fondamental) and the proof of Lemma 8 in [Wlo2] ) Let p : Tan x → Nor t,x := Tan x /Tan t,x be the standard projection where Tan t,x is the tangent space of t which is a fixed part of Tan x . Then define ψ t,x = p • φ t,x . Set
This group is clearly tangent connected. All maps ψ x,s are defined by semi-invariant local parameters and are clearly G t -equivalent since they differ by a
Note that G t acts on ((Nor t,x /K * ) , 0) and
Then at least one of the limits lim t→0 tx or lim t→∞ tx exists. Otherwise x ∈ s, where s is an open stratum whose generic point corresponds to B and we have the trivial smooth map U = s → X {0} = point.
Thus we can assume that lim t→0 tx = y. Take U y as in the previous case. Then again by Lemma 8 in [Wlo2] φ + : (U y ) + → (Tan y ) + isétale and the induced map φ +/K * : (U y ) + /K * → (Tan y ) + /K * isétale and (U y ) + ≃ (U y ) + /K * × (Tany) + /K * (Tan y ) + . Denote by Γ x the stabilizer of x. By the above Γ x = Γ φ + (x) . This group does not depend on the choice of φ + (x) ∈ Tan s,x where Tan s,x is the tangent space to s and consequently it does not depend on the choice of x ∈ s so we can set Γ s := Γ x
The morphisms φ − and φ + are given by taking semi-invariant functions u 1 , ..., u n . We can assume that u 1 , ..., u k for some k ≤ n generate the ideal I s ⊂ O x . Clearly they define the smooth Γ s -equivariant morphisms ψ x,s : U y → Nor s,x := Tan x /Tan s,x ≃ Tan y /T s y .
Find an equivariant isomorphism
where K * acts on K * n−k−1 trivially and the action on K * is given by t(x) = t l x for some l ∈ Z. Note that Γ φ + (x) = {e, ǫ l , ǫ 2 l , ..., ǫ l−1 l } is a cyclic group generated by an l-th root of unity. Then
Finally we see that the induced morphism (ψ x,s ) +/K * :
. This group is tangent connected. All maps ψ x,s are clearly equivalent. Note that G s acts on Nor s,x /Γ s and the morphism Nor s,
′ is a cobordism, T ′ is a collection of fixed point strata S ′ is a collection of fixed point-free strata and all open subsets in U are K * -invariant and such that (a) For any t
whose all horizontal arrows are smooth is a pull-back of the commutative diagram
and v t ∈ σ t ′ ⊕ e m+1 . This means that in these coordinates K * acts trivially on A
for a suitable n. So that find embedding
The action of G c t on the relevant scheme ( X σt , O σt ) is determined by the isomorphism i : (
The construction of charts U s ′ ,a ′ is analogous. The diagram (1) in (c) follows from the construction. The diagram (2) is a simple consequence of the diagram
where t ∈ T is from 5.4(e).
2 6 π-desingularization lemma of Morelli Definition 6.1 (see [Mor] ) Let Σ be a painted π-semifan. We call a face σ s (updefinite (respectively down definite) with respect to σ t iff s < t and there exists a functional F on N t such that F |σt ≥ 0 and σ s = {v ∈ σ t | F (v t ) = 0}. A cone σ s where s ∈ S is called independent. A cone σ t where t ∈ T is called dependent. A minimal dependent face of Σ is called a circuit. Each dependent cone σ t can be represented as σ t = v 1 , ..., v k with a unique linear dependence relation
This relation is determined up to proportionality. We can choose the signs of the coefficients in such a way that the rays v i such that r i > 0 form an up-definite face. We call these rays positive, the rays for which r i < 0 are called negative. The face σ s of a cone σ t is called codefinite if it contains only positive or only negative rays. For any cone σ t we denote by σ t− (respectively σ t+ ) the fan consisting of all faces of σ t which are down-definite (respectively up-definite).
A cone σ ∈ Σ is π-nonsingular iff σ is π-independent and π(σ) is regular.
Let τ be any simplicial face of a painted π-semifan and v ∈ relint(τ ). If τ = σ ′ s is independent face, then Mid(σ s , v) is defined to be a minimal generator of
where π − = π t|σ − and π + = π t|σ + In the sequel let Σ(B) := {(σ t , stab t ) | t ∈ T ∪ S} with appropriate projections Wlo2] , Example 2). For any t ∈ T ,
be a circuit with the unique relation
where all α i = 0. Then
and
are stable.
Proof. Note that v i α i <0 correspond to 0 − σt which means that it is G t -invariant. We are done by Lemma 4.9. 2
Lemma 6.5. Let B 0 be a G-stratified cobordism with an associated painted π-semifan Σ(B). Then there is a sequence of G-stratified cobordisms B 1 , ..., B l over B 0 with associated painted π-semifans and a sequence of vectors v 1 , ..., v l ∈ ∆(B) such that
•B l is a regular cobordism or equivalently Σ(B l ) is π-nonsingular.
Proof. The proof is a direct translation of the proof of the π-desingularization lemma of Morelli stated below (see [Mor1] , [Mor2] , [AMR] ). By Lemmas 6.2-6.4 all centers in the π-desingularization process are stable. In the π-desingularization algorithm of Morelli in [Mor] , [Mor2] we use centers Mid(v, τ ) where v ∈ relint(τ ), and τ is independent face and Mid(Ctr(σ, τ ), σ), where σ is a circuit and τ is its maximal face, such that either Ctr(σ, τ ) ∈ par(π(tau)) or Ctr(σ, τ ) = Ctr − (σ) or Ctr(σ, τ ) = Ctr + (σ). In the algorithm of Abramowich, Rashid, Matsuki we use centers Mid(v, τ ) where v ∈ relint(τ ), and τ is independent face and Mid(Ctr − (σ), σ) or Mid(Ctr + (σ), σ).
Lemma 6.6 (Morelli [Mor1] , [Mor2] , [AMR] ). Let π : N Q+ := N Q ⊕ Q → N Q be the natural projection. Let Σ be a simplicial fan in N Q+ . Then there exists a simplicial fan Σ ′ obtained from Σ by a sequence of star subdivisions such that Σ ′ is π-nonsingular. Moreover, the sequence can be taken so that any π-independent and already π-nonsingular face of Σ remains unaffected during the process.
Main Theorems
Let us recall a few definitions and lemmas from [Wlo2] .
Definition 7.1 ( [Wlo2] ) Let X 1 and X 2 be two birationally equivalent normal varieties and let ϕ 1 : X 1 → Y and ϕ 2 : X 2 → Y be two morphisms commuting with the birational equivalence. By a birational cobordism over Y between them we understand a cobordism B := B(X 1 , X 2 )/Y with a K * -equivariant morphism φ : B → Y where Y is equipped with the trivial K * -action and such that the following diagrams commute:
We say that the cobordism B over Y is trivial over an open subset U ⊂ Y iff there exists an equivariant isomorphism φ −1 (U) ≃ U × K * , where the action of K * on U × K * is given by t(x, s) = (x, ts).
Definition 7.2 ( [Wlo2] ). Let B be a cobordism. We say that a connected component F of the fixed point set is an immediate predecessor of a component F ′ iff there exists a non-fixed point x such that lim t→0 tx ∈ F and lim t→inf ty tx ∈ F ′ . We say that F precedes F ′ and write F < F ′ if there exists a sequence of connected fixed point set components F 0 = F, F 1 , ..., F l = F ′ such that F i−1 is an immediate predecessor of F i (see [B-B,S] , Def. 1.1). We call a cobordism collapsible (see also [Mor1] ) iff the relation < on its set of connected components of the fixed point set is an order. (Here an order is just required to be transitive.) Now we are in a position to prove the main theorem.
Theorem 7.1 Each birational morphism of smooth projective varieties f : X → Y which is an isomorphism over U can be factored as
where each X i is a smooth variety and f i is a blow-up or blow-down at a smooth center which is an isomorphism over U.
Proof. Find a smooth birational relative cobordism B(X, Y ) over Y which is trivial over U ( [Wlo2] ,Proposition 2). By Lemma 5.2, B(X, Y ) can be stratified in such a way that (B(X, Y ), S, U) is a G-stratified cobordism. By Lemma 6.5 we can find a regular toroidal cobordism (B ′ (X, Y ), S ′ , U ′ ) which is G-stratified over (B(X, Y ), S ∪ T, U). Fixed point components correspond to closures of maximal strata t where t ∈ T or equivalently to the circuits σ t . Let t be a minimal component in B(X, Y ). We prove that in each elementary cobordism B t the varieties X ≃ (B t ) − /K * and (B t ) + /K * differ by a blow-up and a blow-down at a smooth center. For any X let X denote its normalization. For any x ∈ t find U t,b ∋ x and the relevant morphism φ t ′ ,b : U t,b → X σ t ′ where x ∈ U t,b and t ′ ≥ t. The above diagram defines locally a diagram
